Unitary transfer of entanglement in multipartite two-level systems 



(N 

o 



43 
Oh 



- '-I 



Riccardo Messina, Anna Napoli, and Antonino Messina 
Dipartimento di Scienze Fisiche ed Astronomiche, 
Universitd di Palermo, 
Via Archirafi 36, 90123 Palermo, Italy 
(Dated: October 28, 2004) 

The dynamics of a system composed by two pairs of dipolarly coupled two-level atoms is exactly 
studied. We show that the initial entanglement stored in a couple of atoms not directly interacting 
is fully transferred to the other pair in a periodic way. The observability of this phenomenon 
in laboratory is briefly discussed both in terms of its temporal scale and of its stability against 
uncertainties in the geometrical parameters defining the physical system. 



I. INTRODUCTION 



A multipartite quantum system is by definition a system composed by two or more quantum subsystems. The linear 
character of Quantum Mechanics implies the existence, in the Hilbert space £ of the total system, of states describing 
I—} | the occurrence of correlations between a specific pair of subsystems, say A and B, even in absence of any mutual 
ly-j . interaction coupling them. From a mathematical point of view, such states of £ are those exhibiting the property of 
being unfactorizable into the product of two states \ipi) and \1jj2) belonging to any couple of distinct Hilbert spaces 
£ i and £2 respectively, such that £ = £\ eg) £2 and satisfying the further condition that any observable relative to the 
subsystem A (B) acts only upon £\ (£2)- 



It is common to refer to such physical situations saying that the multipartite system is characterized, in the states 



under scrutiny, by the presence of binary entanglement between A and B. The occurrence of entanglement in a 
multipartite system may of course be associated to physical situations more complex than the one here represented. 
For example, there exist states where more than one couple of subsystems turn out to be entangled, as well as more 
O" 1 complex situations wherein the extension of this peculiar quantum notion to more than two subsystems is currently 
under debate. 

I ' Several experiments aimed at producing entangled states between two atoms [H-Q or two photons Q have been 
^ , successfully performed thus providing a positive test of fundamental aspects of Quantum Theory. Over the last years a 
^\ ' further interest in generating such a non-classical condition stems from the possibility of considering entanglement as 
an effective resource in the research area of Quantum Computing [j| both for storing and for transmitting information. 

In this paper we introduce a simple multipartite system composedof four distinguishable identical two-level atoms. 
Our aim is to provide an example of a simple mechanism for realizing a unitary transfer of entanglement to a couple 
of non - interacting atoms. More in detail, we show that, if at t = the system is prepared in a state where only 
two atoms among the four are mutually entangled, as a consequence of a strategically chosen interaction mechanism 
and in absence of any conditional measurement act, the system dynamics drives the complete passage of the initial 
. . ■ entanglement towards the pair of atoms disentangled at t = 0, fully decorrelating at the same time the two initially 
^ I entangled atoms. 

This paper is organized as follows. The next Section describes the physical system and introduces the pertinent 
hamiltonian model. The dynamics of the system is studied in Section IIII1 wherein our main result, that is the 
possibility of unitarily transferring entanglement, is demonstrated. Some conclusive remarks as well as comments on 
the experimental feasibility of our proposal are briefly presented in the last Section. 

II. THE PHYSICAL SYSTEM AND ITS HAMILTONIAN MODEL 

Let us consider four identical two- level atoms named A%, A2, A3 and A4. Let hu> be the energy separation between 
the excited (|+}i) and ground (|— }i) states of the i-th (i = 1,2,3,4) atom. We assume that the only possible 
interatomic couplings are dipole-dipole interactions between Ai and A2 and between A3 and A4. This could be 
justified provided that the couples (Ai,A2) and (A3, A4) are located far away from each other. The Hamiltonian of 
our system is thus 

H = H + H( 2 + H^ (1) 
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where Ho is the sum of the unperturbated Hamiltonians of the four atoms, whilst H[ 2 and H 34 are the terms which 
describe the dipole-dipole interactions. The unperturbated Hamiltonian of Ai can be written in the form 

K = (2) 

Oz being the Pauli operator for the i-th two-level atom. The form of the interaction terms is assumed to be [H, 0] 

ff^S^^+kc), (3) 

where (ij) — (12) or (ij) = (34) and u^/ = |=F) ii (±|. The coupling strength rj may be expressed in terms of the 
geometric distance R between atoms (At, A 2 ) or (A 3 , A4) in the following form: 

3 r c 3 2 

where a is the angle between (rj — r2) = (r3 — r^) and the atomic transition dipole moment d, r$ being the i-th 
atomic position vector. Finally, To is the spontaneous emission rate of each atom in free space. 
It is convenient to cast our hamiltonian model defined in eq.([T]) in the form 

H = H 12 + #34 (5) 

with 

T 

because in this way it appears evidently symmetric against the exchange of the couple of indexes (1, 2) with the couple 
(3,4). 

Taking into account that H12 commutes with (cri + cri 2 ') and with ("0^1 + ~^ 2 ) 2 , it is possible to convince oneself 
that a unitary operator accomplishing the transformation of H\ 2 into the diagonal Hamiltonian H12 = Ui 2 Hi 2 Ui 2 
may be given by 

tt f n ( (!) ( 2 ) (!) ( 2 )M (n\ 

U 12 =exp{-[*y^_'-al'*y)j. (7) 
This operator transforms indeed only the interaction term, so that 

H 12 = ^(<x« + + + ^f^iV (8) 

To transform the operators and a^a^ we make use of the well-known Baker-Campbell-Hausdorff formula 

obtaining 



ffi J - = ^(^ ) +^ ) ) + ^(4^- ) +^ ) ^+ ) ) (i.j) = (1.2) or (3,4) (6) 



and 



[/ 12 ^Vff/t 2 = + ^(D _ a (2)) _ + (jW^), (10) 

Exploiting the additive form of H with respect to the two subsystems (Ai, A 2 ) and (A3, A&) as well as its previously 
mentioned exchange symmetry, if we are able to find a unitary operator t/12 accomplishing the diagonalization process 
of H12, then we can diagonalize the entire Hamiltonian H using the operator U = U12U34, where C/34 may be simply 
derived from U12 putting into its expression (3,4) in place of (1,2). Extending eqs.© and (fTU)) to the subsystem 
(A 3 , A4) with the help of the unitary operator U34, the transformed Hamiltonian 

H = UHU^ = U 12 U M HU^Ul 2 (11) 
H = H 12 + H 34 (12) 

Hij = ^(aW+aW) + ^-(aW-aW) (i,j) = (1,2) or (3,4) (13) 



assumes the form 



where 



The new Hamiltonian H is, as requested, manifestly diagonal. 
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III. UNITARY TRANSFER OF ENTANGLEMENT 



Let us suppose that at the time instant t — our system has been prepared in the initial state 

IV(o)) = |-) 1 (cos0|+; 



) 3 + e^ sin( 



)4 = 



COS0|-) 



e»r smU -)i - 2 



(14) 



o*<P . 



where 6 and ip are real parameters. For any 9 ^ k% (k € Z), the state (fT4")) describes the occurrence of entanglement 
only between A 2 and A3, meaning that each of the two atoms A\ and A4 turns out to be disentangled form the other 
three atoms of the system. 

The time evolution of this initial state of the system may be obtained exploiting the knowledge of the unitary 
operator U diagonalizing H, since 



|^(t)) = e-***|^(0)> = rfUe-*%WU\il)(p)) = rfe^fruMO)) 
To evaluate the action of U upon |^>(0)) we proceed observing that, by definition, 



+00 



TT f 71 ( (!) (2) (1) (2)M 



(15) 



(16) 



By simple calculations it is not difficult to find the following polynomial expression of U\2- 



1 



Ui2 = I+-=X+ 1- -= \x' = 



V2 



1 



V2 



= I 



1 I (1) (2) (1) (2) 



V2 



(1) (1) (2) (2) . (1) (1) (2) (2) 
<J + <J_ (J_ (T + + <7_ <7 + <J + a_ 



(17) 



In view of the simple connection between U12 and t/34, eq. (|17[) helps us to write down immediately a polynomial 
expression of U = U12U34, by which we succeed in evaluating the transformed initial condition f7|^>(0)} appearing in 
eq.([L3|) as follows: 



C/|^(O)) = i[cos0(| + > + |- + - -)) + 



V2 
+ e iv sin 



+ 



(18) 



We are now ready to follow up the steps suggested by eq. (TT5l) . getting the following explicit expression for \tp(t)}: 

\tp(t)) =e 2 "*{cos6» -isin(?7t)| + ) + cos(r/t)| - + - -) 



■isin(i7*)| h) +cos(r]t)\ h -) j 



(19) 



It is of relevance to observe that, as a consequence of the initial entanglement between A2 and A3 as well as of 
the assumed interaction mechanism within the subsystems (A%, A%) and (A3, A4), there exist intervals of time during 
which the system is able to exhibit an entanglement condition involving all the four atoms. This means that, apart 
from isolated time instants, the state \tp(t)) cannot be factorized into the product of two states pertaining to two 
subsystems partitioning the global one. Had we renounced to inject at t = an entanglement between an atom of 
the subsystem (Ai, A2) and an atom of the other one, the consequent evolution under the action of our hamiltonian 
model would have assured the presence of entanglement only in the subsystem (Ai,A 2 ), (A3, A4), or both at most. 
As a consequence, our choice of initially entangling one atom in (A\,A2) with one in (A3, A4) only (in our case A2 
and A3), appears to be the simplest necessary starting point to legitimate the searching of time instants at which the 
only couple of entangled atoms is (Ai, A4). This amounts at looking for time instants at which the evolution drives 
the four-atom system into a state structurally analogous to the initial one, meaning that a couple of atoms (in our 
case A\ and A4) is in an entangled state whilst the remaining two atoms are in a factorized one. It is not difficult to 
persuade oneself that the constants of motion imposed by our hamiltonian model restrict the class of states describing 
the desired unitary structural transfer of entanglement to the set of states having the form 



\ip s ) = cosA| + 



+ e iC sin A I 



(20) 
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where A and (, are real parameters. 

Thus our problem consists in establishing whether time instants exist at which \ip(t)} given by eq. (JTSJ) does belong 
to the set expressed by eq. (f20f in correspondence to appropriate values of the parameters A and (. To solve this 
question we pose the following equation in t 



that is explicitly 



A(t) = |(^(t))| a = l 



sin 2 (r]t) cos 2 9 cos 2 A + sin 2 9 sin 2 A + - sin(20) sin(2 A) cos(c/j - C) 



= 1. 



Taking into account that 



< A(t) < (j cos 9 cos A| + | sin 9 sin A 



(21) 



(22) 



(23) 



and that, in addition, (| cos#cos A| + | sin6*sinA|) 2 coincides with cos 2 (6> — A) or cos 2 (6* + A), then eq. ([22|) necessarily 
requires 



A = ±9 



(24) 



apart from additive multiples of tt, leading to physically undistinguishable states having the form of \i/js)- 

Inserting condition (124[) into eg. (1221) we easily get the following further necessary condition on the parameter £: 



( = (p if A = 9 
( = (p + tt if A = — 6 



(25) 



Thus, in conclusion, exploiting eqs.(|24j) and (|25|) . eq. (|22[) is simply equivalent to the equation sin 2 (?7t) = 1 implying 



t n = — (2n + l) n £ N. 
Summing up, we have proved that, at all such time instants t n , the initial state evolves into the state 



Wn)) = \>h 



(26) 



(27) 



sharing its structure, under the entanglement point of view, with |^(0)). 

From an experimental point of view, the first time instant to = 5^ plays a special role in view of the fact that it 
gives the temporal scale for the generation under scrutiny, to be compared with the appearance of countering effects 
traceable back to unavoidable coupling with environment. 

The periodicity related to the temporal behavior of the system at the time instants t n suggests to look for a possible 
periodic appearance of the initial condition in the dynamical evolution of the system. We find indeed that at the 
intermediate time instants between the t n , that means at the time instants 



t rn = —<m + 1) me N. 

T) 



(28) 



the system effectively passes through a state coincident with |^(0)) apart from a global constant phase factor. Our 
main result is therefore that the time evolution of our four-atom system has the form of an oscillation between the 
initial state 1^(0)), incorporating the entanglement of the couple of atoms (^2,^3), and the state |^t) given by 
eq. (l27l) . clearly describing that entanglement has been transferred to the couple (Ai, A4). The expressions for the 
first time instant at which the state of the system is \ipr), and of the period of the oscillation have been found to be 



to = — T = —. 
2rj T] 



(29) 



IV. DISCUSSION AND CONCLUSIVE REMARKS 



The results reported in the previous Section rely on some assumptions concerning both the geometry of the model 
and the physical mechanisms of energy exchange within the four-atom system. While dipole-dipole interactions are 
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very often used to modelize microscopic couplings between two two- level systems [8] , in order to fully appreciate the 
reliability of our conclusions it is worth analyzing their stability against possibile geometric uncertainties. We have 
indeed assumed that the relative position (ri — r^) between A\ and Ai is exactly coincident with the one, (r3 — r^, 
between A3 and A4, leading in this way to put equal coupling strengths 77 within the two couples of atoms. Indicating 
then the coupling strength r\\i between A\ and A2 with 77 and, more realistically, putting 7734 equal to 77 + <5?y, we may 
start again the study of the time evolution of the system, getting the time evolved state 



W)) 



cos 9 



-i sin(ryt)| H 

-i sin (77 + drj)t 



cos(t7£)| 



(7/ + Srj)t 



>]}• 



(30) 



The analysis of at what extent our results may be claimed stable against small variations affecting the geometrical 
parameters of the system, may be performed calculating, at t = to = the fidelity of \ip(to)) with respect to the 
state I^t) given by eq. (|2"7|) . obtaining 



\{ipT\ip{to))\ = cos 9 + sin 9sm(rj^t) — cos 9 + sin #cos( 



/7T (5 77 



V2 77 



1 



1 fSrjy 

2 Vrf) 



sm 



(31) 



Although the main result of this paper is the possibility of transferring the storage of a given amount of entanglement 
from a subsystem to another one, we wish however to underline that it is in the current experimental reach both 
to build up prefixed geometrical configurations of a set of atoms, as well as to prepare states of a selected couple of 
two- level atoms like the initial one we have chosen for the couple (A2, A3), as expressed by eq. (fT4|) [3-0|. 

We wish to conclude pointing out that, to observe in laboratory the periodic passage of entanglement in accordance 
with the results found in this paper, it is necessary to protect the coherent dynamics of the system against any 
source of noise effects. In other words, the realization of our physical scenario has to be conceived so to guarantee 
temporal scales of the coherent phenomenon much shorter than the characteristic times of environmental effects. 
In the framework of cavity quantum electrodynamics, it is possible to reach values of 77 of the order of 10 6 Hz @, |1] 
determining the appearance of the first transfer of entanglement after to ~ 10~ 6 s to be compared with the decoherence 
temporal scale estimable of the order of 10 -5 s. 
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